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QUASI-PROJECTIVE DIMENSION
MOHSEN GHEIBI, DAVID A. JORGENSEN, AND RYO TAKAHASHI
Abstract. In this paper, we introduce a new homological invariant called quasi-projective dimension,
which is a generalization of projective dimension. We discuss various properties of quasi-projective
dimension. Among other things, we prove the following. (1) Over a quotient of a regular local ring
by a regular sequence, every finitely generated module has finite quasi-projective dimension. (2) The
Auslander–Buchsbaum formula and the depth formula for modules of finite projective dimension remain
valid for modules of finite quasi-projective dimension. (3) Several results on vanishing of Tor and Ext
hold for modules of finite quasi-projective dimension.
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1. Introduction
Homological invariants such as projective dimension, injective dimension, and flat dimension are central
themes in commutative algebra and homological algebra. They not only give information about modules,
but they also provide a means for classifying commutative Noetherian rings. For example, a commutative
local ring R is regular if and only if every finitely generated R-module M has finite projective dimension,
that is, M can be approximated in finitely many steps by free modules.
To study modules over non-regular rings, several homological invariants that generalize projective
dimension (pd) have been defined: Auslander and Bridger [3] defined and studied Gorenstein dimen-
sion (G-dim), Avramov [6] defined and studied virtual projective dimension, and Avramov, Gasharov
and Peeva [9] defined and studied complete intersection dimension (CI-dim). The main point of these
homological invariants is that one extends the class of modules used to resolve.
The goal of this paper is to introduce a new homological invariant which also generalizes projective
dimension, and study its properties. However, unlike the invariants pd, G-dim and CI-dim, our invariant
is based on extending the notion of what is a resolution. We say that a module M over a commutative
Noetherian ring R has finite quasi-projective dimension if there exists a finite complex of projective
modules whose homologies are isomorphic to finite direct sums of copies of M . We use such complexes to
define the new invariant quasi-projective dimension, qpdRM , for R-modules M (see Definition 3.1). A
remarkable distinction between quasi-projective dimension and the invariants pd, G-dim and CI-dim is
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that residue field of a commutative local ring always has finite quasi-projective dimension. The finiteness
of these other invariants of the residue field, in contrast, force the ring to be regular, Gorenstein, and a
complete intersection, respectively.
Just as for the invariants pd, G-dim and CI-dim, our invariant satisfies a version of the celebrated
Auslander–Buchsbaum formula.
Theorem 1.1. For a finitely generated module M over a commutative Noetherian local ring R, if
qpdRM <∞, then
qpdRM = depthR − depthRM.
Thus all invariants, pd, G-dim, CI-dim, and qpd agree whenever finite. We prove Theorem 1.1 in
Section 4, as Theorem 4.4.
A common theme of the results of this paper is that modules with finite quasi-projective dimension
behave homologically like modules over a complete intersection, or, more generally, modules of finite
complete intersection dimension. This is not surprising in view of the fact that if R is the quotient of a
regular local ring by a regular sequence, then every R-module has finite quasi-projective dimension (see
Corollary 3.8 below). For example, modules of finite quasi-projective dimension also satisfy Auslander’s
depth formula [2, Theorem 1.2].
Theorem 1.2. Suppose R is a commutative Noetherian local ring, M and N are finitely generated
R-modules such that qpdRM <∞ and Tor
R
i (M,N) = 0 for all i ≥ 1. Then
depthRM + depthRN = depthR+ depthRM ⊗R N
Huneke and Wiegand [19] established the depth formula for Tor-independent modules over complete
intersection local rings. Later, Araya and Yoshino [1] showed that the depth formula holds for finitely
generated Tor-independent modules M and N over an arbitrary local ring provided one of M or N has
finite complete intersection dimension. We prove Theorem 1.2 in Section 4 as Theorem 4.11.
Symmetry in vanishing of Ext first was proven by Avramov and Buchweitz [7] for finitely generated
modules over complete intersections. Their proof relied on their development of support varieties for
pairs of finitely generated modules. Later, Huneke and Jorgensen [17] introduced a class of Gorenstein
local rings namely AB rings and generalized symmetry in vanishing of Ext over AB rings. Every local
complete intersection ring is an AB ring, but not conversely, and there are examples of Gorenstein rings
which are not AB rings. In Section 6, we prove the following symmetry in vanishing of Ext result over
an arbitrary Gorenstein ring (see Theorem 6.15).
Theorem 1.3. Let R be a Gorenstein ring, and M and N be finitely generated R-modules. Assume that
qpdRM <∞. Then
ExtiR(M,N) = 0 for all i≫ 0 if and only if Ext
i
R(N,M) = 0 for all i≫ 0
We also prove in Section 6 several rigidity of Tor and Ext results for modules of finite quasi-projective di-
mension, which are akin to rigidity results for modules over a complete intersection. Another consequence
of the theory of support varieties over a complete intersection R is that the long-standing Auslander–
Reiten Conjecture holds for R: for every finitely generated R-module M we have ExtiR(M,M) = 0 for
all i ≫ 0 if and only if pdRM < ∞. This result was originally proven by Auslander, Ding and Solberg
using different techniques; see [4]. The Auslander–Reiten conjecture also holds over AB rings and some
classes of Artinian local rings; see [15] and [18], but even over Gorenstein rings, it is open. We show in
Theorem 6.19 in Section 6 that modules of finite quasi-projective dimension satisfy the condition of the
Auslander–Reiten conjecture.
Theorem 1.4. Let M be a finitely generated R-module such that qpdRM <∞. Then Ext
i
R(M,M) = 0
for all i > 0 if and only if M is projective.
In Section 4 we investigate whether over a fixed ring there is a bound on the lengths of the minimal
finite complexes of projectives realizing the modules of finite quasi-projective dimension.
In Section 7, we focus on ideals I of a commutative Noetherian ring R whose Koszul homologies are
free R/I-modules. These ideals have finite quasi-projective dimension. A maximal ideal of R is such an
example, however, there are many other examples. We call these ideals FKH ideals. It turns out that if I
is an FKH ideal then qpdRR/I = gradeR I. Among other results, we prove that over a Gorenstein ring
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R, if J is linked to an FKH ideal I, then qpdRR/J = gradeR J . This result is an analogue of a theorem
of Peskine and Szpiro [21] for linkage of perfect ideals over Gorenstein rings.
2. Preliminaries
Convention 2.1. Throughout this paper, unless otherwise stated, all rings are commutative Noetherian
rings with identity. Let R be a ring. We denote by ModR the category of R-modules, and by modR the
full subcategory consisting of finitely generated R-modules. The set of nonnegative integers is denoted
by N. When R is local, edimR stands for the embedding dimension of R. We put (−)∗ = HomR(−, R).
Definition 2.2. Let A be an abelian category. Let X = (· · ·
∂i+2
−−−→ Xi+1
∂i+1
−−−→ Xi
∂i−→ Xi−1
∂i−1
−−−→ · · · ) be
a complex of objects of A. For each integer i, we define the ith cycle Zi(X) = Ker∂i, the ith boundary
Bi(X) = Im ∂i+1 and the ith homology Hi(X) = Zi(X)/Bi(X). The supremum, infimum, homological
supremum and homological infimum of X are defined by{
supX = sup{i ∈ Z | Xi 6= 0},
inf X = inf{i ∈ Z | Xi 6= 0},
{
hsupX = sup{i ∈ Z | Hi(X) 6= 0},
hinf X = inf{i ∈ Z | Hi(X) 6= 0}.
The length of X is defined by lengthX = supX − infX . We call X bounded if it has finite length. For
an integer j, the complex X [j] is defined by X [j]i = Xi−j and ∂
X[j]
i = (−1)
j∂Xi−j for all i.
Definition 2.3. Let (R,m, k) be a local ring. A complex (F, ∂) of free R-modules of finite rank is called
minimal if ∂i ⊗R k = 0 for all i.
We recall the definition of projective dimension for objects in an abelian category.
Definition 2.4. (1) Let A be an abelian category with enough projective objects. Let M ∈ A.
(a) A complex P = (· · · → P2 → P1 → P0 → 0) of projective objects of A is called a projective
resolution of M if Hi(P ) = 0 for all i > 0 and H0(P ) =M .
(b) For each integer i > 0 we define an ith syzygy of M by ΩiAM = Bi(P ), where P is a projective
resolution of M . We simply write ΩAM = Ω
1
AM . We put Ω
0
AM =M and call it a 0th syzygy of
M . For each i > 0 the object ΩiAM is uniquely determined up to projective summands.
(c) The projective dimension pdAM of M is by definition the infimum of integers n > 0 such that
there exists a projective resolution P of M with Pi = 0 for all i > n.
(2) For an R-module M , a projective resolution, syzygies ΩiRM and the projective dimension pdRM of
M are defined by setting A := ModR in (1). Suppose that R is local and M is finitely generated.
Then one can take a minimal free resolution F ofM , which is uniquely determined up to isomorphism.
Whenever we work in this setting, we define the syzygies of M by using F , so that they are uniquely
determined up to isomorphism.
We close this section with the following lemma which we will use frequently in the rest of the paper.
Lemma 2.5. Let P = (· · · → P1 → P0 → 0) be a complex of projective R-modules. Then for an R-module
N there are convergent spectral sequences
(2.5.1) E2p,q = Tor
R
p (Hq(P ), N) =⇒ Hp+q(P ⊗R N), and
(2.5.2) Ep,q2 = Ext
p
R(Hq(P ), N) =⇒ H
p+q(HomR(P,N)).
Proof. Since P is a complex of projective R-modules, the first spectral sequence is derived from the double
complex P ⊗R F where F is a projective resolution of N , and the second one is derived from the double
complex HomR(P, I) where I is an injective resolution of N ; see for example [23, Theorem 11.34]. 
3. Definition and basic properties of quasi-projective dimension
In this section we introduce our main objects of study, namely, modules of finite quasi-projective
dimension, and then give some examples and basic properties.
Definition 3.1. Let A be an abelian category with enough projective objects. Let M be an object of A.
(1) A quasi-projective resolution of M in A is defined as a complex P = (· · · → P2 → P1 → P0 → 0) of
projective objects of A such that for all i ≥ 0 there exist non-negative integers ri, not all zero, such
that Hi(P ) ∼=M
⊕ri . We say that a quasi-projective resolution P is finite if Pi = 0 for i≫ 0.
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(2) We define the quasi-projective dimension of M in A by
qpdAM =
{
inf{supP − hsupP | P is a finite quasi-projective resolution of M} (if M 6= 0),
−∞ (if M = 0).
We simply set qpdRM = qpdModRM for an R-module M . Note that qpdAM ∈ N ∪ {±∞}. One
has that qpdAM = −∞ if and only if M = 0, that qpdAM = ∞ if and only if M does not admit a
finite quasi-projective resolution, and that qpdAM ∈ N if and only if M is nonzero and admits a finite
quasi-projective resolution.
Remark 3.2. Let A be an abelian category with enough projective objects. Let M be an object of A.
(1) Every (finite) projective resolution of M is a (finite) quasi-projective resolution of M . In particular,
the complex (· · · → 0→ 0→ 0) is a finite quasi-projective resolution of the module 0.
(2) If M has finite projective dimension, then M has finite quasi-projective dimension. More precisely,
there is an inequality qpdAM 6 pdAM .
(3) Let M 6= 0, and let P be a quasi-projective resolution of M . Then there exists a quasi-projective
resolution P ′ of M with H0(P
′) 6= 0 and Hi(P
′) ∼= Hi+t(P ) for all i ∈ Z, where t = hinf P .
Indeed, if H0(P ) = 0, then ∂1 is surjective, and it is a split epimorphism. The truncated complex
P ′ = (· · ·
∂3−→ P2
∂2−→ Ker ∂1 → 0) with Ker ∂1 in homological degree 0 is also a quasi-projective
resolution of M with Hi(P
′) ∼= Hi+1(P ) for all i.
The second, third and fourth statements in the following proposition will be refined for modules over
local rings; see Corollary 4.5.
Proposition 3.3. Let A be an abelian category with enough projective objects.
(1) For an object M ∈ A and an integer n > 0, one has qpdA(M
⊕n) = qpdAM .
(2) LetM,N ∈ A. Assume either M 6= 0 6= N or M = 0 = N . Then qpdA(M⊕N) 6 qpdAM+qpdAN .
(3) For an object M ∈ A and a nonzero projective object J ∈ A, one has qpdA(M ⊕ J) 6 qpdAM .
(4) Let 0→ N → J
pi
−→M → 0 be an exact sequence in A with J projective. Then qpdAN 6 qpdAM .
Proof. (1) If P is a quasi-projective resolution of M , then P⊕n is a quasi-projective resolution of M⊕n.
Conversely, if P is a quasi-projective resolution of M⊕n, then it is also a quasi-projective resolution of
M . The assertion now follows.
(2) The assertion is obvious ifM = 0 = N . We may assumeM 6= 0 6= N and qpdAM <∞ > qpdAN .
Let P and P ′ respectively be quasi-projective resolutions of M and N of lengths a and b with r = supP
and s = supP ′ and qpdAM = a − r and qpdAN = b − s. By assumption, Hi(P )
∼= M⊕mi and
Hj(P
′) ∼= N⊕nj for some mi, nj > 0. Then the complex
F =
(
⊕sj=0 P
⊕nj [j]
)
⊕
(
⊕ri=0 P
′⊕mi [i]
)
is a quasi-projective resolution forM⊕N ; in fact, Hk(F ) = (M⊕N)
⊕
∑
i+j=k
minj for each k. Note that F
has length at most a+b and supF = r+s. Therefore qpdA(M ⊕N) 6 a+b−r−s = qpdAM+qpdAN .
(3) The assertion follows from (2) by letting N = J .
(4) We may assume M 6= 0 6= N . Let P = (0→ Pa → · · · → P0 → 0) be a quasi-projective resolution
of M with a = supP , h = hsupP and qpdAM = a − h. Then for each i we have Hi(P ) = M
⊕ni with
ni > 0. Note that nh 6= 0 and ni = 0 for all i > h. Set Gi = J
⊕ni and let G = (0 → Ga
0
−→ · · ·
0
−→
G0 → 0) be a complex. As Gi is projective, the map π
⊕ni : Gi → Hi(P ) lifts to a map Gi → Zi(P ).
Composing this with the inclusion map Zi(P ) → Pi, we get a map αi : Gi → Pi, and obtain a chain
map α : G → P . The exact sequence 0 → P → Cone(α) → G[1] → 0 yields an exact sequence of
homologies · · · → Hi+1(P ) → Hi+1(Cone(α)) → Hi(G) → Hi(P ) → · · · . By construction of G, the last
exact sequence breaks into short exact sequences 0 → Hi+1(Cone(α)) → Gi
pi⊕ni
−−−→ Hi(P ) → 0. This
implies Hi+1(Cone(α)) = N
⊕ni . Thus
Cone(α) = (0→ Ga → Ga−1 ⊕ Pa → · · · → G1 ⊕ P2 → G0 ⊕ P1
f
−→ P0 → 0)
is a quasi-projective resolution of N . Note that by construction, f is a surjection of projective objects,
and hence it is a split epimorphism. Therefore Ker f is a projective object, and the truncation
L = (0→ Ga → Ga−1 ⊕ Pa → · · · → G1 ⊕ P2 → Ker f → 0)
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with Ker f in degree 0 is a bounded complex of projective objects, which is a quasi-projective resolution
of N . As supL 6 a and hsupL = hsup(Cone(α)) − 1 = h, we get qpdAN 6 supL − hsupL 6 a − h =
qpdAM . 
A bounded complex of finitely generated projective R-modules is called perfect.
Proposition 3.4. Let M 6= 0 be a finitely generated R-module with qpdRM < ∞. Then there exists a
perfect complex P which is a quasi-projective resolution of M such that qpdRM = supP − hsupP .
Proof. Let Q = (0 → Qn → · · · → Q0 → 0) be a quasi-projective resolution of M with n = supQ,
h = hsupQ and qpdRM = n−h. Note that each homology of Q is a finitely generated R-module. There
is a quasi-isomorphism P → Q, where (P, ∂) is a complex of finitely generated projective R-modules with
Pi = 0 for all i < 0. Let
P ′ := (· · ·
∂n+2
−−−→ Pn+1
∂n+1
−−−→ Pn → 0→ · · · ), P
′′ := (0→ Pn−1
∂n−1
−−−→ · · ·
∂1−→ P0 → 0)
be two truncations of P . The complex P ′ is quasi-isomorphic to C[n], where C := Pn/Bn(P ). Note that
C is a finitely generated R-module.
Assume C = 0. Then ∂n+1 is surjective, and ∂n = 0. It is easy to see that P is quasi-isomorphic to P
′′.
Hence P ′′ is a quasi-projective resolution ofM with supP ′′ 6 n−1 and hsupP ′′ = hsupP = hsupQ = h.
Thus qpdRM 6 (n− 1)− h, which is a contradiction. Therefore C 6= 0.
For each R-module N and each integer i > 0 there are isomorphisms
ExtiR(C,N)
∼= HomD(C,N [i]) ∼= HomK(P
′[−n], N [i]) ∼= HomK(P
′, N [n+ i])
∼= HomK(P,N [n+ i]) ∼= HomK(Q,N [n+ i]) = 0,
where D,K stand for the derived and homotopy categories of ModR, respectively. Indeed, the fourth
isomorphims follows from applying the functor HomD(ModR)(−, N [n + i]) to the natural exact triangle
P ′′ → P → P ′ → P ′′[1] and verifying HomK(P
′′, N [n + i]) = 0 = HomK(P
′′[1], N [n+ i]) directly. This
shows that C is a projective R-module. Thus F = (0 → C
∂n−→ Pn−1
∂n−1
−−−→ · · ·
∂1−→ P0 → 0) is a perfect
complex which is a quasi-projective resolution ofM . As F is quasi-isomorphic to P , it is quasi-isomorphic
to Q. We have supF = n (as C 6= 0), hsupF = h and qpdRM = supF − hsupF . 
Proposition 3.5. Let M be an R-module.
(1) Let R → S be a flat ring homomorphism. If P is a quasi-projective resolution of M over R, then
P ⊗R S is a quasi-projective resolution of M ⊗R S over S. Moreover, it holds that qpdS(M ⊗R S) 6
qpdRM .
(2) Let x be an element of R which is regular on both R and M . If P is a quasi-projective resolution
of the R-module M , then P ⊗R R/(x) is a quasi-projective resolution of the R/(x)-module M/xM .
Moreover, it holds that qpdR/(x)M/xM 6 qpdRM .
(3) Let Q be a local ring, x = x1, . . . , xc be a Q-regular sequence and R = Q/(x). Let M be a finitely
generated R-module. Then qpdQM 6 qpdRM + c.
Proof. (1) We have P ⊗R S is a complex of projective S-modules. By Lemma 2.5, one has Hi(P ⊗R S) ∼=
Hi(P )⊗R S, which finishes the proof of the first assertion.
Let us show the second assertion. It clearly holds if M ⊗R S = 0, so we assume M ⊗R S 6= 0. In
particular,M 6= 0. We can also assume n := qpdRM ∈ N. Then there exists a quasi-projective resolution
P of M with n = supP − hsupP . For each i there is ri > 0 such that Hi(P ) ∼=M
⊕ri .
We claim that sup(P ⊗R S) 6 supP and hsup(P ⊗R S) = hsupP . In fact, put s = supP and
h = hsupP . Then Pi = 0 (resp. Hi(P ) = 0) for all i > s (resp. i > h), so Pi ⊗R S = 0 (resp.
Hi(P ⊗R S) ∼= Hi(P ) ⊗R S = 0) for all i > s (resp. i > h), which implies sup(P ⊗R S) 6 s (resp.
hsup(P ⊗R S) 6 h). As 0 6= Hh(P ) = M
⊕rh and M 6= 0, we have rh > 0. There are isomorphisms
Hh(P ⊗R S) ∼= Hh(P )⊗R S ∼= (M ⊗R S)
⊕rh . Since M ⊗R S 6= 0, we obtain hsup(P ⊗R S) = h. Thus the
claim follows.
The claim implies that qpdS(M ⊗R S) 6 sup(P ⊗R S)− hsup(P ⊗R S) 6 qpdRM . The proof of the
second assertion of the proposition is completed.
(2) By Lemma 2.5 there is a spectral sequence
E2p,q = Tor
R
p (Hq(P ), R/(x)) =⇒ Hp+q(P ⊗R R/(x)).
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Since TorR>0(M,R/(x)) = 0, the spectral sequence shows that Hi(P ) ⊗R R/(x)
∼= Hi(P ⊗R R/(x)) for
each i. Thus the first assertion follows. The second assertion is shown by replacing S with R/(x) in the
proof of (1).
(3) We may assume qpdRM < ∞. Proposition 3.4 guarantees that there exists a bounded complex
F of finitely generated free R-modules which is a quasi-projective resolution of M over R and satisfies
qpdRM = supF −hsupF . By [13, Theorem 2.4], there exists a bounded complex G of finitely generated
free Q-modules with supG = supF + c such that Hi(G) ∼= Hi(F ) for all i ∈ Z. The complex G is a
quasi-projective resolution of M over Q with hsupG = hsupF . Hence qpdQM 6 supG − hsupG =
(supF + c)− hsupF = qpdRM + c. 
Recall that an R-module M is called periodic if there exist an integer r > 0 and a projective resolution
(P, ∂) such that ∂i = ∂r+i for all i > 0. The minimal integer r satisfying this condition is called the
periodicity of M .
The following proposition gives examples of modules of finite quasi-projective resolution.
Proposition 3.6. (1) If m is a maximal ideal of R generated by n elements, then the R-module R/m
admits a quasi-projective resolution of length n. In particular, one has qpdR k 6 edimR < ∞ for
every local ring R with residue field k.
(2) If M 6= 0 is a periodic R-module of periodicity r, then qpdRM = 0.
Proof. (1) Consider the the Koszul complex K(x) on a system of generators x = x1, . . . , xn of m. This
is a perfect complex and each homology is a finite-dimensional vector space over R/m. Hence it is a
quasi-projective resolution of the R-module R/m.
(2) There is a projective resolution (P, ∂) of M with Pi = Pr+i and ∂i = ∂r+i for all i > 0, where r is
the periodicity of M . Put s = max{1, r− 1}. Then the truncation P ′ = (0→ Ps
∂s−→ · · ·
∂1−→ P0 → 0) is a
perfect complex with Hs(P ) ∼= M ∼= H0(P ) and Hi(P ) = 0 for 0 < i < s. Hence P
′ is a quasi-projective
resolution of M , and hence we get qpdRM 6 supP
′ − hsupP ′ = s− s = 0. 
Proposition 3.7. Let Q be a ring, x = x1, . . . , xc a Q-regular sequence and R = Q/(x). Let M be an
R-module. Let P be a projective resolution of M as a Q-module. Then P ⊗Q R is a quasi-projective
resolution of M as an R-module. In particular, one has the inequality qpdRM 6 pdQM .
Proof. Set C = P ⊗Q R. Since x is a regular sequence, the Koszul complex K(x, Q) is a free resolution
of R over Q. For each 0 6 i 6 c there are isomorphisms
Hi(C) ∼= Tor
Q
i (M,R)
∼= Hi(M ⊗Q K(x, Q)) ∼= Hi(x,M) ∼=M
⊕(ci)
of Q-modules, where the last isomorphism holds since xM = 0. Since the map Q→ R is surjective, the
above isomorphisms are isomorphisms of R-modules. 
The following corollary is immediate from the above proposition.
Corollary 3.8. Let R be a quotient of a regular local ring by a regular sequence. Let M be a finitely
generated R-module. Then qpdRM 6 edimR. In particular, M has finite quasi-projective dimension.
For a module M over a local ring R, we denote by CI-dimRM the complete intersection dimension
(or CI-dimension) of M ; we refer the reader to [9] for details. In view of Proposition 3.7, it is natural to
ask the following question.
Question 3.9. Let R be a local complete intersection. Does then every finitely generated R-module have
finite quasi-projective dimension? More generally, does an R-module M with CI-dimRM < ∞ satisfy
qpdRM <∞?
We do not have an answer to this question, but the following remark gives some information.
Remark 3.10. Let R be a local ring. LetM be an R-module, and suppose that CI-dimRM <∞. Then,
by definition, there exists a quasi-deformaion R → R′ ← S such that pdS(M ⊗R R
′) < ∞. Proposition
3.7 says that qpdR′(M ⊗R R
′) <∞.
Dwyer, Greenlees and Iyengar [16] defined a virtually small complex as a complex X of R-modules
whose thick closure in the derived category of R contains a non-exact perfect complex.
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Proposition 3.11. Let M 6= 0 be a finitely generated R-module of finite quasi-projective dimension.
Then M is virtually small as an R-complex.
Proof. Let P = (0 → Pn → · · · → P0 → 0) be a quasi-projective resolution of M . Then P is non-exact
as M 6= 0, and for each i there is ri > 0 such that Hi(P ) ∼= M
⊕ri. In general, every bounded complex
X of R-modules belongs to the thick closure of the homology complex H(X); see [16, 3.10] for instance.
Hence, P belongs to the thick closure of H(P ), which coincides with the thick closure of M . 
In Remark 4.9, we will see that the converse of the above proposition does not necessarily hold true.
According to [22, Theorem 5.2], a local ring R is a complete intersection if and only if every nonexact
bounded complex of finitely generated R-modules is virtually small. Combining this with Proposition
3.11 and Corollary 3.8 naturally leads us to the following question, asking whether the converse of the
first statement of Question 3.9 holds true.
Question 3.12. Let R be a local ring. Suppose that every finitely generated R-module has finite quasi-
projective dimension. Then is R a complete intersection?
In Theorem 6.4, we will give a weak positive answer to this question, that is, we will prove that such
a ring R has to be AB.
4. The Auslander–Buchsbaum Formula and Depth Formula
In this section, first we establish the Auslander–Buchsbaum formula for modules of finite quasi-
projective dimension, and then, we show that the depth formula holds for such modules.
Proposition 4.1. Let R be a local ring. Let M 6= 0 be a finitely generated R-module. Then M admits a
minimal quasi-projective resolution. Moreover, one has
qpdRM = inf{supF − hsupF | F is a minimal finite quasi-projective resolution of M}.
Proof. Let t, u be the left-hand and right-hand sides of the equality in the proposition, respectively. Then
t ∈ N ∪ {∞}, while we see that u ∈ N ∪ {∞}. We have
t = inf{supP − hsupP | P is a finite quasi-projective resolution of M} 6 u.
If t =∞, then a minimal free resolution of M is a minimal quasi-projective resolution of M , and u =∞.
Assume t ∈ N. By Proposition 3.4 there exists a complex G = (0 → Gn → · · · → G0 → 0) of free
R-modules of finite rank that is a quasi-projective resolution of M with Gn 6= 0 such that t = n − h,
where h := hsupG. As G is bounded below, we can take a minimal free resolution (F, ∂) of G, that is, a
minimal complex of free modules which is quasi-isomorphic to G. It follows from [5, Proposition 1.1.2(iv)]
that there is an isomorphism (in the category) of complexes G ∼= F ⊕ E such that E is exact. Then
Gi ∼= Fi⊕Ei and Hi(G) ∼= Hi(F )⊕Hi(E) = Hi(F ) for each i. We have F = (0→ Fn
∂n−→ · · ·
∂1−→ F0 → 0),
which is a minimal finite quasi-projective resolution of M . It is seen that supF = n and hsupF = h.
Hence t = n− h = supF − hsupF > u, and therefore t = u. 
Remark 4.2. The lengths of minimal quasi-projective resolutions may not be the same. For example,
let (R,m) be a local ring with edimR ≥ 2 and m2 = 0. Then the Koszul complex K of R with respect
to the minimal system of generators of m is a minimal quasi-projective resolution of k of length edimR.
Since m2 = 0, a truncation (0→ K1 → K0 → 0) of K is a minimal quasi-resolution of k as well.
Lemma 4.3. Let (R,m, k) be a local ring. Let M 6= 0 be an R-module with qpdRM <∞. One then has
the inequality depthM 6 depthR.
Proof. Suppose t := depthR < depthM . Then there exists a sequence x = x1, . . . , xt in R which is
regular on both R and M . Replacing R and M with R/(x) and M/xM respectively, we may assume
depthR = 0 by Proposition 3.5(2). According to Proposition 4.1, one can take a minimal quasi-projective
resolution F = (0 → Fn
dn−→ · · ·
d1−→ F0 → 0) of M . Applying the functor HomR(k,−) to the exact
sequence 0→ Hn(F )→ Fn
dn−→ Fn−1 (note that F−1 = 0), we get an exact sequence
0→ HomR(k,Hn(F ))→ HomR(k, Fn)
Hom(k,dn)
−−−−−−−→ HomR(k, Fn−1).
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As F is minimal, Hom(k, dn) = 0 and therefore HomR(k,Hn(F )) ∼= HomR(k, Fn). Recall depthM >
depthR = 0 and Hn(F ) is a direct sum of copies ofM . We get HomR(k,Hn(F )) = 0, and HomR(k, Fn) =
0. As Fn 6= 0, we obtain HomR(k,R) = 0, that is, depthR > 0, which is a contradiction. 
4.1. The Auslander–Buchsbaum Formula and its consequences. We prove the Auslander–
Buchsbaum formula for modules of finite quasi-projective dimension.
Theorem 4.4. Let R be a local ring. Let M be a finitely generated R-module of finite quasi-projective
dimension. Then
qpdRM = depthR − depthRM.
Proof. The assertion is clear if M = 0 (note that depth 0 = ∞), so assume M 6= 0. Put u = depthM .
Lemma 4.3 says depthR > u, and we can find a sequence x = x1, . . . , xu in R that is regular on both
R and M . Proposition 3.5(2) implies qpdR/(x)M/xM < ∞. Replacing R and M with R/(x) and
M/xM respectively, we may assume depthM = 0. Applying Proposition 4.1, we choose a minimal
quasi-projective resolution F = (0 → Fn
∂n−→ · · ·
∂1−→ F0 → 0) of M with n = supF , h = hsupF and
qpdM = n − h. Set C = Coker∂h+1. The sequence 0 → Fn
∂n−→ · · ·
∂h+2
−−−→ Fh+1
∂h+1
−−−→ Fh → C → 0 is
exact. As F is minimal, this shows pdC = n − h. The Auslander–Buchsbaum formula yields n − h =
depthR−depthC. As depthM = 0, the inclusion Hh(F )→ C shows depthC = 0. Thus n−h = depthR,
which completes the proof of the theorem. 
Theorem 4.4 refines (2), (3) and (4) of Proposition 3.3 for modules over a local ring.
Corollary 4.5. Let R be a local ring.
(1) Let M,N be finitely generated R-modules. Then qpdR(M ⊕ N) 6 sup{qpdRM, qpdRN}. The
equality holds if the right-hand side is finite.
(2) Let M be a finitely generated R-module.
(a) If qpdRM <∞, then qpdR(M ⊕ F ) = qpdRM for all finitely generated free R-modules F .
(b) One has qpdR(ΩM) 6 sup{qpdRM −1, 0}, and the equality holds if the right-hand side is finite.
Proof. (1) We may assume M 6= 0 6= N and qpdM <∞ > qpdN . We then have qpd(M ⊕N) <∞ by
Proposition 3.3(2). Theorem 4.4 yields
qpd(M ⊕N) = depthR− depth(M ⊕N) = depthR− inf{depthM, depthN}
= sup{depthR − depthM, depthR− depthN} = sup{qpdM, qpdN}.
(2a) The assertion immediately follows by putting N := F in (1).
(2b) We may assume thatM is a nonfree R-module with qpdM <∞. Then Proposition 3.3(4) implies
qpd(ΩM) <∞, and we obtain
qpd(ΩM) = depthR− depth(ΩM) = depthR− inf{depthM + 1, depthR}
= sup{depthR− depthM − 1, 0} = sup{qpdM − 1, 0}
by virtue of Theorem 4.4. 
Here is an immediate but interesting consequence of Theorem 4.4, which is used later.
Corollary 4.6. Let R be a local ring and M a finitely generated R-module. Assume depthRM > depthR
and qpdRM <∞. Then M
⊕r is a second syzygy for some r > 0. In particular, M is a first syzygy.
Proof. By Proposition 4.1 there is a minimal quasi-projective resolution F = (0→ Fn → · · · → F0 → 0)
of M with n = supF , h = hsupF and qpdM = n − h. The assumption of the corollary and Theorem
4.4 imply n = h. There is an exact sequence 0 → Hn(F ) → Fn → Fn−1 (note that F−1 = 0) and
Hn(F ) =M
⊕r 6= 0 for some r > 0. 
Applying the above corollary, we get the following result.
Corollary 4.7. Let (R,m) be a local ring. Let M be a finitely generated R-module. Let N be a maximal
nonfree summand of M . If qpdRM <∞, then SocR ⊆ AnnN .
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Proof. If depthR > 0, then SocR = 0 and the conclusion clearly holds. So we may assume depthR = 0.
By Corollary 4.6 the R-module M is a syzygy, and so is N . Hence there exists a monomorphism
f = (f1, . . . , fn) : N →֒ R
⊕n with n > 0. Pick any element s ∈ SocR. Suppose that ft(sx) = s ·ft(x) 6= 0
for some 1 6 t 6 n and x ∈ N . Then ft(x) is a unit of R. Hence the map ft : N → R is surjective, and
it is a split epimorphism. This contradicts the choice of N , and we have fi(sy) = 0 for all 1 6 i 6 n and
y ∈ N . Therefore f(sy) = 0, and sy = 0 by the injectivity of f . Thus SocR ⊆ AnnN . 
So far, no module with infinite quasi-projective dimension has appeared. So, one may wonder if all
modules have finite quasi-projective dimension, especially in view of the fact that the residue field of
a local ring does so (Proposition 3.6). The corollary above gives many examples of modules of infinite
quasi-projective dimension. For example:
Example 4.8. Let k be a field and R = k[x, y]/(x2, xy, y2). Then qpdRR/(x) =∞ by Corollary 4.7.
Remark 4.9. The converse of Proposition 3.11 does not necessarily hold. Indeed, let R be as in Example
4.8, and set M = R/(x)⊕R. Then it is clear that M is virtually small, but has infinite quasi-projective
dimension by Corollary 4.7.
Here is another corollary of Theorem 4.4.
Corollary 4.10. Let M be a finitely generated module over a (not necessarily local) ring R with pdRM <
∞. Then qpdRM = pdRM .
Proof. We may assume M 6= 0. Remark 3.2(2) implies s := qpdRM 6 pdRM =: n < ∞. Choose a
prime ideal p of R such that pdRp Mp = n. Proposition 3.5(1) implies qpdRp Mp 6 s. As Rp is a local
ring, we can apply Theorem 4.4 to obtain
n > s > qpdRp Mp = depthRp − depthRp Mp = pdRp Mp = n.
This implies s = n, and the equality qpdRM = pdRM holds. 
4.2. The Depth Formula. Next, we prove that the depth formula holds for modules of finite quasi-
projective dimension.
Theorem 4.11. Let (R,m, k) be a local ring. Let M and N be finitely generated R-modules. Suppose
that M has finite quasi-projective dimension and TorR>0(M,N) = 0. Then
depthM + depthN = depthR+ depth(M ⊗R N).
Proof. The assertion of the theorem is clear if either M or N is free, so we assume that neither M nor
N is free. According to Proposition 4.1, there exists a minimal quasi-projective resolution
F = (· · · → 0→ Fn
∂n−→ · · ·
∂1−→ F0 → 0→ · · · )
of M with n = supF > 1, s = hsupF and qpdM = n − s. Putting C = Coker∂s+1, we get an exact
sequence 0→ Fn
∂n−→ · · ·
∂s+1
−−−→ Fs → C → 0. This is a minimal free resolution of C, so that pdC = n−s.
Set Zi = Zi(F ) and Bi = Bi(F ). There exist exact sequences
0→ Bi → Zi →M
⊕ri → 0, 0→ Zi → Fi → Bi−1 → 0
for any i ∈ Z. Hence Zi ∼= ΩBi−1. Using the assumption that Tor
R
>0(M,N) = 0, we see that
TorRj (Bi, N)
∼= TorRj (Zi, N)
∼= TorRj+1(Bi−1, N)
∼= · · · ∼= TorRj+i+1(B−1, N) = 0
for all i > 0 and j > 0, where the equality holds as B−1 = 0. Hence Tor
R
>0(Zi, N) = 0 and Tor
R
>0(Bi, N) =
0 for every i ∈ Z. Note that there is an exact sequence
(4.11.1) 0→ Hs(F )→ C
∂s−→ Fs−1 → D → 0,
where Hs(F ) =M
⊕rs 6= 0, Im ∂s = Bs−1 and D = Coker∂s. It follows that Tor
R
>0(C,N) = 0. The depth
formula for a module of finite projective dimension [2, Theorem 1.2] implies
(4.11.2) depthC + depthN = depthR+ depth(C ⊗R N).
Theorem 4.4 implies depthR− depthM = qpdM = n− s = pdC = depthR− depthC, and hence
(4.11.3) depthC = depthM.
10 MOHSEN GHEIBI, DAVID A. JORGENSEN, AND RYO TAKAHASHI
Tensoring N with (4.11.1) and noting TorR1 (Bs−1, N) = 0, we get exact sequences
0→ Hs(F )⊗R N → C ⊗R N → Bs−1 ⊗R N → 0,(4.11.4)
TorR1 (D,N)→ Bs−1 ⊗R N → Fs−1 ⊗R N → D ⊗R N → 0(4.11.5)
where Hs(F )⊗R N =M
⊕rs ⊗R N 6= 0 by Nakayama’s lemma. We claim the following.
(4.11.6) If depth(M ⊗R N) = 0, then depthM + depthN = depthR + depth(M ⊗R N).
Indeed, if depth(M ⊗R N) = 0, then it follows from (4.11.4) that depth(C ⊗R N) = 0, and the equality
follows from (4.11.2) and (4.11.3).
From now on, we prove the assertion of the theorem by induction on depthN . Assume depthN = 0.
Then by (4.11.2) we have
0 = (depthR − depthC) + depth(C ⊗R N) = pdC + depth(C ⊗R N).
Note that both pdC and depth(C ⊗R N) are nonnegative. Hence n− s = pdC = depth(C ⊗R N) = 0,
which implies n = s and C = Fn. There is an exact sequence
0→ Zn−1/Bn−1 → Fn−1/Bn−1 → Fn−1/Zn−1 → 0.
We have Zn−1/Bn−1 = Hn−1(F ) = M
⊕rn−1, Fn−1/Bn−1 = D and Fn−1/Zn−1 ∼= Bn−2. Tensoring N
shows TorR>0(D,N) = 0, and we obtain an exact sequence
0→ Hn(F )⊗R N → Fn ⊗R N
∂n⊗RN−−−−−→ Fn−1 ⊗R N → D ⊗R N → 0
from (4.11.4) and (4.11.5). Applying HomR(k,−) gives an exact sequence
0→ HomR(k,Hn F ⊗R N)→ HomR(k, Fn ⊗R N)
HomR(k,∂n⊗RN)=0
−−−−−−−−−−−−−→ HomR(k, Fn−1 ⊗R N),
which implies HomR(k,Hn(F )⊗RN) ∼= HomR(k, Fn⊗RN). Recall that Hn(F )⊗RN =M
⊕rn ⊗RN 6= 0
and Fn is a nonzero free R-module. Since depthN = 0, we observe depth(M ⊗R N) = 0. The assertion
follows from (4.11.6).
Now suppose depthN > 0. If depth(M ⊗R N) = 0, then by (4.11.6) we are done. So let depth(M ⊗R
N) > 0. Then we find an element x ∈ R which is regular on both N and M ⊗R N . The exact sequence
0→ N
x
−→ N → N/xN → 0 induces exact sequences
0 = TorR1 (M,N)→ Tor
R
1 (M,N/xN)
0
−→M ⊗R N
x
→֒M ⊗R N,
0 = TorRi (M,N)→ Tor
R
i (M,N/xN)→ Tor
R
i−1(M,N) = 0 for all i > 1.
Therefore TorR>0(M,N/xN) = 0. The induction hypothesis implies depthM +depthN/xN = depthR+
depth(M ⊗R N/xN). It remains to note that depthN/xN = depthN − 1 and depth(M ⊗R N/xN) =
depth((M ⊗R N)/x(M ⊗R N)) = depth(M ⊗R N)− 1. 
Applying Theorem 4.11 together with Remark 3.2(2) and Corollary 3.8, we recover the results of
Auslander, Huneke and Wiegand.
Corollary 4.12. Let R be a local ring. LetM and N be finitely generated R-modules with TorR>0(M,N) =
0. Then depthM + depthN = depthR+ depth(M ⊗R N) if either of the following holds.
(1) (Auslander [2]) M has finite projective dimension.
(2) (Huneke and Wiegand [19]) R is a complete intersection.
5. Finitistic length for quasi-projective resolutions
We have studied quasi-projective dimension so far, but it is also natural to ask about the infimum of
the lengths of quasi-projective resolutions of a given object. In this section, we investigate this question.
We make the following definition.
Definition 5.1. Let A be an abelian category with enough projective objects. Let M be an object of
A. We define the quasi-projective length of M in A by
qplAM =
{
inf{supP | P is a finite quasi-projective resolution of M} (if M 6= 0),
−∞ (if M = 0).
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We simply set qplRM = qplModRM for an R-module M .
Remark 5.2. (1) Let A be an abelian category with enough projective objects. Let M ∈ A.
(a) There are inequalities qpdAM 6 qplAM 6 pdAM , and the equalities hold if pdAM < ∞ and
A = modR by Corollary 4.10.
(b) It holds that qpdAM <∞ if and only if qplAM <∞.
(2) Let R be a local ring, and let M be a finitely generated R-module. One then has
qplRM =
{
inf{supF | F is a minimal finite quasi-projective resolution of M} (if M 6= 0),
−∞ (if M = 0).
This is a consequence of the proof of Proposition 3.4.
Let R be a local ring. It is easy to deduce from Theorem 4.4 that
depthR = sup{qpdRM |M is a finitely generated R-module with qpdRM <∞}.
Thus it is natural to think about the following numerical invariant.
Definition 5.3. We define the finitistic quasi-projective length of R by
finqplR = sup{qplRM |M is a finitely generated R-module with qplRM <∞}.
Recall that the codepth of a finitely generated moduleM over a local ring R is defined as codepthRM =
edimR− depthM .
Proposition 5.4. Let (R,m, k) be a local ring.
(1) For a finitely generated R-module M , one has the inequality qplRM > sup{ht p | p ∈ MinRM}.
(2) There are inequalities dimR 6 qplR k 6 finqplR.
(3) Assume that R is a quotient of a regular local ring by a regular sequence. Then qplRM 6 codepthRM
for all finitely generated R-modules M . In particular, finqplR 6 edimR.
(4) If R is an Artinian complete intersection, then finqplR = edimR.
Proof. (1) We may assume qplRM = n ∈ N. Then we can take a minimal quasi-projective resolution
F = (0 → Fn → · · · → F0 → 0) of M . Localizing F at any p ∈ MinRM , we get a quasi-projective
resolution Fp = (0→ (Fn)p → · · · → (F0)p → 0) of Mp. Since Mp has finite length over Rp, so does each
homology of the complex Fp. The new intersection theorem implies that n ≥ dimRp = ht p.
(2) The assertion immediately follows from (1) and by definition.
(3) Choose a regular local ring Q and a Q-sequence x such that R = Q/(x) and dimQ = edimR =: e.
It follows from Proposition 3.7 and the Auslander–Buchsbaum formula over Q that qplRM 6 pdQM =
e− depthM = codepthRM 6 e = edimR for every finitely generated R-module M .
(4) Let qplR k = l. Then by (2) and (3), we have l ≤ edimR. By the proof of Proposition 4.1, there
exists a minimal quasi-projective resolution F of k such that l = supF . Therefore levelkR(F ) 6 l + 1
by the proof of [16, 3.10]; see [8] for the definition of a level and the details. By [8, Theorem 11.3],
levelkR(F ) ≥ edimR − cxR F + 1. Since F is a perfect complex, it has finite projective dimension in the
derived category of R. Therefore cxR F = 0 and hence l ≥ edimR. 
The following result shows that the equality of the first inequality in Proposition 5.4(2) does not
necessarily hold.
Theorem 5.5. Let (R,m, k) be a local ring. One has equivalences:
(1) finqplR = 0 ⇐⇒ qplR k = 0 ⇐⇒ R is a field.
(2) finqplR = 1 ⇐⇒ qplR k = 1 ⇐⇒

R is a discrete valuation ring, or
R is not a field but an artinian hypersurface, or
R is not a field but satisfies m2 = 0.
Proof. (1) If R is a field, then every R-module is free and finqplR = 0. By Proposition 5.4(2), if
finqplR = 0, then qplR k = 0. Now, assume qplR k = 0. Then there exists a minimal quasi-projective
resolution F = (0 → F0 → 0) of k. We have R
⊕a ∼= F0 ∼= H0(F ) ∼= k
⊕b for some a, b > 0. Taking the
annihilators implies m = 0, and hence R is a field.
(2) When R is a discrete valuation ring, it is seen from (1) and Proposition 5.4(3) that finqplR = 1.
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When R is an artinian hypersurface which is not a field, Cohen’s structure theorem shows R ∼= S/(xn)
for some discrete valuation ring (S, xS, k) and n > 2. It follows from (1) and Proposition 5.4(3) that
finqplR = 1.
When m2 = 0 but R is not a field, there is an isomorphism m ∼= k⊕e with e = edimR. Take a minimal
system of generators x1, . . . , xe of m. The perfect complex F = (0 → R
⊕e (x1 ··· xe )−−−−−−−→ R → 0) satisfies
H0(F ) = k and H1(F ) = Ωm ∼= Ω(k
⊕e) ∼= m⊕e ∼= k⊕e
2
. Hence F is a quasi-projective resolution of k,
which implies qplR k 6 1. LetM be an R-module with qpdRM <∞. ThenM is a syzygy by Proposition
4.6, and it is seen that M is a direct sum of copies of R and k. Hence qplRM 6 1 by Corollary 4.5(2a).
This together with (1) shows finqplR = 1.
It follows from (1) and Proposition 5.4(2) that if finqplR = 1, then qplR k = 1.
Suppose qplR k = 1. Then R is not a field by (1), and there exists a minimal quasi-projective resolution
F = (0 → F1 → F0 → 0) of k. Note by Remark 3.2(3) that H0(F ) 6= 0. Letting H1(F ) = k
⊕a and
H0(F ) = k
⊕b with a > 0 and b > 1, we get an exact sequence in the lower left, which gives rise to an
isomorphism in the lower right.
0→ k⊕a → F1 → F0 → k
⊕b → 0, k⊕a ∼= Ω2(k⊕b)⊕R⊕h = (Ω2k)⊕b ⊕R⊕h (h > 0).
The isomorphism especially says that m kills Ω2k. Write Ω2k = k⊕c with c > 0, and we get an exact
sequence 0 → k⊕c → R⊕e
pi
−→ m → 0, where we set e = edimR. If c = 0, then R is a discrete valuation
ring, and we are done. If e = 1, then R is an artinian hypersurface, and again we are done. So let c > 1
and e > 2. Let x1, . . . , xe be a minimal system of generators of m, and put G = (0 → R
⊕e ( x1 ··· xe )−−−−−−−→
R → 0). Then H1(G) = k
⊕c 6= 0 and H0(G) = k. Theorem 4.4 shows depthR = depthR − depth k =
qpdR k 6 1 − 1 = 0. Put r = r(R) = dimk(SocR) > 0. Applying HomR(k,−) to the exact sequence
0→ k⊕c → R⊕e
( x1 ··· xe )
−−−−−−−→ R gives rise to an exact sequence
0→ HomR(k, k
⊕c)→ HomR(k,R
⊕e)
(x1 ··· xe )=0
−−−−−−−−−→ HomR(k,R).
Hence k⊕c ∼= HomR(k, k
⊕c) ∼= HomR(k,R
⊕e) ∼= HomR(k,R)
⊕e ∼= k⊕re, and we get c = re. Note here
that the map π : R⊕e → m factors through (R/ SocR)⊕e. This yields a commutative diagram
0

0

(SocR)⊕e

(SocR)⊕e

0 // k⊕re //

R⊕e
pi
//

m // 0
0 // L //

(R/ SocR)⊕e
pi
//

m // 0
0 0
with exact rows and columns. The left column yields equalities ℓR(L) = ℓR(k
⊕re) − ℓR((SocR)
⊕e) =
re − re = 0, which means L = 0. Thus the map π : (R/ SocR)⊕e → m is an isomorphism. Note that
this map sends an element (a1, . . . , ae) ∈ (R/ SocR)
⊕e to the element
∑e
i=1 aixi ∈ m. It is observed that
m = (x1, . . . , xe) = (x1)⊕· · ·⊕(xe) and R/ SocR ∼= (xi) for each 1 6 i 6 e. Taking the annihilators, we get
SocR = (0 : xi). Recall that e > 2. Fix two integers 1 6 i, j 6 e with i 6= j. Then xixj ∈ (xi)∩ (xj) = 0,
and xj ∈ (0 : xi) = SocR. It follows that the maximal ideal m = (x1, . . . , xe) is contained in SocR, which
means m2 = 0. Thus, the proof of the theorem is completed. 
Corollary 5.6. Let (R,m, k) be a local ring.
(1) If R is regular, then finqplR = dimR.
(2) The converse holds true if either dimR 6 1 or R is Cohen–Macaulay.
Proof. (1) Proposition 5.4 implies dimR 6 qplR k 6 finqplR 6 edimR. The assertion follows from this.
(2) The case dimR 6 1 is settled by Theorem 5.5. Let us consider the case where R is Cohen–Macaulay.
Assume d := dimR = finqplR. Then qplR k = d by Proposition 5.4(2). There is a minimal quasi-
projective resolution F of k of length d. Theorem 4.4 implies d−hsupF = qpdR k = depthR−depth k =
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depthR = d, whence hsupF = 0. This means that F is a projective resolution of H0(F ), which is
isomorphic to k⊕t for some t > 0. Hence pdR k <∞, and R is regular. 
We close this section with some natural questions.
Question 5.7. (1) Let (R,m, k) be a local ring. Do the following statements hold true?
(a) The ring R is regular if and only if qplR k = dimR.
(b) One has finqplR <∞.
(2) Is there an example of a local ring (R,m, k) such that qplR k < finqplR ?
6. Vanishing of Tor and Ext
In this section we prove some results about vanishing of Ext and Tor for modules of finite quasi-
projective dimension. The results are reminiscent of what holds for modules over a complete intersection.
We begin with the following result.
Theorem 6.1. Let M,N be R-modules and assume M admits a finite quasi-projective resolution P . Put
r = hsupP, s = hsup(P ⊗R N), t = − hinf HomR(P,N), l = sup{r, s}, m = sup{r, t}.
Then for an integer n ≥ 1 the following hold.
(1) If TorRi (M,N) = 0 for all n ≤ i ≤ n+ l, then Tor
R
i (M,N) = 0 for all i ≥ n.
(2) If ExtiR(M,N) = 0 for all n ≤ i ≤ n+m, then Ext
i
R(M,N) = 0 for all i ≥ n.
(3) If TorR≫0(M,N) = 0, then Tor
R
i (M,N) = 0 for all i > s− r.
(4) If Ext≫0R (M,N) = 0, then Ext
i
R(M,N) = 0 for all i > t− r.
Proof. We may assume H0(P ) 6= 0. First we prove (1) and (3). By Lemma 2.5 there exists a first
quadrant spectral sequence
E2p,q
∼= TorRp (Hq(P ), N) =⇒ Hp+q(P ⊗R N).
(1) Since TorRi (M,N) = 0 for n ≤ i ≤ l+n and Hq(P )
∼=M⊕
qi
, we have E2p,q = 0 for n ≤ p ≤ l+n and
q ≥ 0. Also, Hq(P ) = 0 = Hq(P ⊗R N) for all q > l. As the differentials d
k
p,q are of bidegree (−k, k − 1),
it follows that all the maps dkp,q into (and from) E
k
n+l+1,0 are zero, for all k ≥ 2. Therefore E
∞
n+l+1,0
∼=
E2n+l+1,0
∼= TorRn+l+1(H0(P ), N). Hence Tor
R
n+l+1(H0(P ), N) is a subquotient of Hn+l+1(P ⊗M) = 0,
and TorRn+l+1(M,N)=0. Proceeding in this way, we get Tor
R
i (M,N) = 0 for all i ≥ n.
(3) Set j = sup{i | TorRi (M,N) 6= 0}. As Hr(P ) is non-zero and isomorphic to a direct sum of copies
of M , we have E2j,r
∼= TorRj (Hr(P ), N) 6= 0. Hence E
2
j,r is the most right and top nonzero point in the
E2 plane and therefore E∞j,r
∼= E2j,r. Thus Tor
R
j (Hr(P ), N) is a subquotient of Hj+r(P ⊗R N) and hence
Hj+r(P ⊗R N) 6= 0. Therefore j + r ≤ s and so j ≤ s− r.
To see (2) and (4), note that by Lemma 2.5 there exists a third quadrant spectral sequence
Ep,q2
∼= Ext
p
R(Hq(P ), N) =⇒ H
p+q HomR(P,N).
Now, similar arguments as in (1) and (3) work for (2) and (4) as well. 
Example 6.2. Keep the notation of Theorem 6.1, and let R = k[x, y]/(xy) with k a field. LetM = R/(x)
and N = R/(y). The complex P = (0 → R
x
−→ R → 0) is a quasi-projective resolution of M . Since
H1(P ) ∼= M , one has r = 1. On the other hand, since x is regular on N , we have s = 0. Also,
TorR1 (M,N) = 0 while Tor
R
2 (M,N) 6= 0. This shows that vanishing of l + 1 consecutive Tor
R
i (M,N) in
Theorem 6.1 is necessary.
Here is an immediate application of Theorem 6.1.
Corollary 6.3. Let M,N be R-modules, and let n be a positive integer. If TorRi (M,N) = 0 (resp.
ExtiR(M,N) = 0) for all n 6 i 6 n + qplRM , then Tor
R
i (M,N) = 0 (resp. Ext
i
R(M,N) = 0) for all
i > min{n, qpdRM + 1}.
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Proof. We may assume s := qplRM ∈ N and m := qpdRM ∈ N. There is a quasi-projective resolution P
of M with s = supP and h = hsupP . It is clear that s > sup{hsupP, hsup(P ⊗N), − hinf Hom(P,N)}.
It follows from (1) and (2) of Theorem 6.1 that TorRi (M,N) = 0 (resp. Ext
i
R(M,N) = 0) for all i ≥ n.
Next, choose a quasi-projective resolution P ′ of M with s′ = supP ′, h′ = hsupP ′ and m = s′ − h′.
Then note that m = s′ − h′ > sup{hsup(P ′ ⊗ N) − hsupP ′, − hinf Hom(P ′, N) − hsupP ′}. It follows
from (3) and (4) of Theorem 6.1 that TorRi (M,N) = 0 (resp. Ext
i
R(M,N) = 0) for all i > m. 
Recall that a Gorenstein local ring R is called AB if for all finitely generated R-modules M and N
with ExtiR(M,N) = 0 for all i ≫ 0 one has Ext
i
R(M,N) = 0 for all i > dimR. Now we give a result
which supports Question 3.12. It should also be noted that the techniques in the proofs of [16, Theorem
VII] and [22, Theorem 5.2] are quite different from ours, and none of them works for our result. For an
R-module M we denote by TrM the (Auslander) transpose of M .
Theorem 6.4. Let (R,m, k) be a local ring of depth t. If TrΩtk has finite quasi-projective dimension,
then R is Gorenstein. In particular, a local ring over which every finitely generated module has finite
quasi-projective dimension is an AB ring.
Proof. Set T = TrΩtk. Let P = (0 → Ps
∂s−→ · · ·
∂h+1
−−−→ Ph
∂h−→ · · ·
∂1−→ P0 → 0) be a quasi-projective
resolution of T with s = supP , h = hsupP and qpdR T = s− h. Letting C be the cokernel of ∂h+1, we
have pdR C < ∞ and there is a monomorphism Hh(P ) →֒ C. Since Hh(P ) is a nonzero direct sum of
copies of T , we get a monomorphism T →֒ C. It follows from [25, Theorem 1.3] that R is Gorenstein.
If every finitely generated R-module has finite quasi-projective dimension, then it follows from Corol-
lary 6.3 and Theorem 4.4 that R is AB. 
The example below says that the converse of the second assertion of Theorem 6.4 does not hold in
general.
Example 6.5. Let A = k[x, y]/(x2, xy, y2) with k a field, and consider the trivial extension R = A ⋉
EA(k). The A-module EA(k) has a minimal free presentation A
⊕3
(
x 0 y
0 y −x
)
−−−−−−−→ A⊕2 → EA(k)→ 0. Using
this, we easily see that R ∼= k[x, y, u, v]/(x2, xy, y2, xu, yv, xv− yu, u2, uv, v2). Note that R is an artinian
Gorenstein local ring with edimR = 4 and dimk R = 6. It follows from [17, Theorem 3.5] or [24, Theorem
3.4] that R is AB. However, the R-module A via the natural surjection R ։ A is not virtually small by
[16, Example 9.13]. This R-module does not have finite quasi-projective dimension by Proposition 3.11.
For the convenience of the reader, we give the following remark.
Remark 6.6. Let R be a local ring. Consider the following conditions.
(1) The ring R is a complete intersection.
(2) Every finitely generated R-module has finite quasi-projective dimension.
(3) The ring R is AB.
(4) The ring R is Gorenstein.
(5) Every nonexact bounded complex of finitely generated R-modules is virtually small.
(6) Every nonzero finitely generated R-module is virtually small.
Then (1)⇒ (2) holds if R is a quotient of a regular ring by Corollary 3.8, while Question 3.9 asks whether
(1) ⇔ (2) always holds. Theorem 6.4 yields (2) ⇒ (3). The implication (3) ⇒ (4) holds by definition,
while the opposite one (4)⇒ (3) does not hold in general by [20, Theorem]. It follows from [22, Theorem
5.2] that (1) ⇔ (5) holds, while (5) ⇒ (6) is evident. Proposition 3.11 gives (2) ⇒ (6). Example 6.5
shows that (3) ⇒ (6) does not necessarily hold, and hence (3) ⇒ (2) is not always true, either.
For a module M over a local ring R, we denote by cxRM the complexity of M . The details can be
found in [5, 9]. It is worth reproving the following well-known result as an application of Theorem 6.1.
Corollary 6.7. Let R be a local ring, and let M be a finitely generated R-module. Put c = cxRM +
CI-dimRM , and let N be an R-module and n ≥ 1 be an integer. If Tor
R
i (M,N) = 0 (resp. Ext
i
R(M,N) =
0) for all n ≤ i ≤ n+ c, then TorRi (M,N) = 0 (resp. Ext
i
R(M,N) = 0) for all i > CI-dimRM .
Proof. We only prove the result for Tor; a similar argument applies for Ext. We may assume CI-dimM <
∞. By [9, Theorem 5.10] there is a quasi-deformation R→ R′ ← Q with pdQM
′ = c, whereM ′ =M⊗R
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R′. We may assume R = R′. Let C be a quasi-projective resolution of M as in the proof of Proposition
3.7, and let r, s, l be same as in Theorem 6.1. Since Hi(C) ∼= Tor
Q
i (M,R) and Hi(C⊗RN)
∼= Tor
Q
i (M,N),
we have r, s, l ≤ c. As CI-dimRM = depthR− depthM , the result follows by Theorems 6.1(1), 4.4 and
Corollary 6.3(2). 
In the following, we recall definition of the Gorenstein dimension which we use in the rest of this
section.
Definition 6.8. Let M be a finitely generated R-module.
(1) We call M totally reflexive if the natural homomorphism M → M∗∗ is an isomorphism and
ExtiR(M,R) = 0 = Ext
i
R(M
∗, R) for all i > 0. The infimum of nonnegative integers n such that
there exists an exact sequence 0→ Gn → · · · → G0 →M → 0 with each Gi totally reflexive, is called
the Gorenstein dimension (or G-dimension) of M , and we write G-dimRM = n.
(2) Suppose that M has finite G-dimension.
(a) A complete resolution (or Tate resolution) of M over R is a diagram T
ν
−→ P
pi
−→ M , where P is
a projective resolution of M in modR, and (T, ∂T ) is an exact complex of projective modules
in modR such that T ∗ is exact and ν is a chain map with νi bijective for all i ≫ 0. Note
that a complete resolution of M exists if and only if G-dimRM < ∞. For each i < 0 we set
ΩiM = Im(∂Ti ), which is called the (−i)th cosyzygy of M .
(b) Let N be an R-module (not necessarily finitely generated). The ith Tate homology (respec-
tively, Tate cohomology) of M and N is defined by T̂orRi (M,N) = Hi(T ⊗R N) (respectively,
ÊxtiR(M,N) = H
i(HomR(T,N))).
Remark 6.9. Let M be an R-module of finite G-dimension. Let T → P →M be a complete resolution
of M . Then one can easily get a complete resolution T [−1] → P ′ → ΩM of ΩM , where P ′ = (· · · →
P2 → P1 → 0) is a truncated complex with P1 in degree 0. Hence T̂or
R
i (ΩM,N)
∼= T̂orRi+1(M,N) and
ÊxtiR(ΩM,N)
∼= Êxti+1R (M,N) for all i ∈ Z and N ∈ ModR. We refer the reader to [11] for more details
and properties of complete resolutions and Tate (co)homology.
Lemma 6.10. Let M,N 6= 0 be R-modules with G-dimRM < ∞ and qpdRN < ∞. Let (P, ∂) be a
finite quasi-projective resolution of N such that H0(P ) 6= 0. Let n > G-dimRM and t = hsupP .
(1) If TorRi (M,N) (resp. Ext
i
R(M,N)) vanishes for all n 6 i 6 n+t−1, then it vanishes for i = n+t+1.
(2) If TorRi (M,N) (resp. Ext
i
R(M,N)) vanishes for all n+2 6 i 6 n+ t+1, then it vanishes for i = n.
Proof. Remark 3.2(3) guarantees the existence of a finite quasi-projective resolution P with H0(P ) 6= 0.
Set g = G-dimRM ∈ N. Replacing M with Ω
gM , we may assume that M is totally reflexive. If t = 0,
then pdRN < ∞ and Tor>0(M,N) = Ext
>0(M,N) = 0 by the proof of [3, Proposition 4.12]1. So let
t > 0. Set C = Coker∂t+1. Since pdR C < ∞, similarly as above Tor>0(M,C) = Ext
>0(M,C) = 0.
There are exact sequences
0→ Ht → C → Bt−1 → 0, 0→ B0 → P0 → H0 → 0,
{
0→ Bi → Zi → Hi → 0,
0→ Zi → Pi → Bi−1 → 0
(i ∈ Z),
where Zi = Zi(P ), Bi = Bi(P ) and Hi = Hi(P ). We use the fact that each Pi is projective and each Hi
is a direct sum of copies of N .
(1) First we show the assertion for Tor. We have 0 = Torn(M,Ht) = Torn+1(M,Bt−1), from which we
get 0 = Torn+1(M,Zt−1) = Torn+2(M,Bt−2) if t > 2, from which we get 0 = Torn+2(M,Zt−2) =
Torn+3(M,Bt−3) if t > 3. Iterating this procedure gives Torn+t+1(M,H0) = Torn+t(M,B0) = 0,
and hence Torn+t+1(M,N) = 0. Next we show the assertion for Ext. We have 0 = Ext
n(M,H0) =
Extn+1(M,B0) = Ext
n+2(M,Z1), from which we get 0 = Ext
n+2(M,B1) = Ext
n+3(M,Z2) if t > 2,
from which we get 0 = Extn+3(M,B2) = Ext
n+4(M,Z3) if t > 3. Iterating this procedure gives
Extn+t+1(M,Ht) = Ext
n+t(M,Bt−1) = 0, and hence Ext
n+t+1(M,N) = 0.
(2) First we show the assertion for Tor. We have 0 = Torn+t+1(M,H0) = Torn+t(M,B0) =
Torn+t−1(M,Z1), from which we get 0 = Torn+t−1(M,B1) = Torn+t−2(M,Z2) if t > 2, from which
1In [3, Proposition 4.12] it is assumed that the ring is local and the module is finitely generated, but the proof is valid
without those assumptions.
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we get 0 = Torn+t−2(M,B2) = Torn+t−3(M,Z3) if t > 3. Iterating this procedure gives Torn(M,Ht) =
Torn+1(M,Bt−1) = 0, and hence Torn(M,N) = 0. Next we show the assertion for Ext. We have 0 =
Extn+t+1(M,Ht) = Ext
n+t(M,Bt−1), from which we get 0 = Ext
n+t(M,Zt−1) = Ext
n+t−1(M,Bt−2) if
t > 2, from which we get 0 = Extn+t−1(M,Zt−2) = Ext
n+t−2(M,Bt−3) if t > 3. Iterating this procedure
gives Extn(M,H0) = Ext
n+1(M,B0) = 0, and hence Ext
n(M,N) = 0. 
Theorem 6.11. Let M,N 6= 0 be R-modules with qpdRN < ∞. Let n > 0 be an integer. Choose a
finite quasi-projective resolution P of N with H0(P ) 6= 0. If G-dimRM < n and Tor
R
i (M,N) (resp.
ExtiR(M,N)) vanishes for all n 6 i 6 n+ hsupP , then it vanishes for all i > G-dimRM .
Proof. It is enough to show the assertions for Tor; the ones for Ext are shown similarly. Put t = hsupP
and m = G-dimM + 1. Lemma 6.10(1) implies TorRi (M,N) = 0 for all n 6 i 6 n + t + 1. Hence
TorRi (M,N) = 0 for all n+1 6 i 6 (n+1)+ t, and applying Lemma 6.10(1) again gives Tor
R
i (M,N) = 0
for all n 6 i 6 n + t + 2. Iteration of this procedure shows TorR>n(M,N) = 0. If m > n, then
TorR>m(M,N) = 0. If m 6 n− 1, then G-dimM = m− 1 < n− 1, and the vanishing of Tor
R
i (M,N) for
all (n− 1) + 2 6 i 6 (n− 1) + t+ 1 and Lemma 6.10(2) imply TorR>(n−1)(M,N) = 0. If m 6 n− 2, then
G-dimM = m− 1 < n− 2, and the vanishing of TorRi (M,N) for all (n− 2)+ 2 6 i 6 (n− 2)+ t+1 and
Lemma 6.10(2) imply TorR>(n−2)(M,N) = 0. Iteration of this procedure shows Tor
R
>m(M,N) = 0. 
The following corollary is immediate from the above theorem.
Corollary 6.12. Let M,N be R-modules such that qpdRN < ∞. If there exists an integer n > 0 with
G-dimRM < n such that Tor
R
i (M,N) (resp. Ext
i
R(M,N)) vanishes for all n 6 i 6 n+ qplRN , then it
vanishes for all i > G-dimRM .
Lemma 6.13. Let M be a totally reflexive R-module such that qpdRM <∞. Then qpdRM
∗ <∞ and
qpdR Ω
iM <∞ for all i ∈ Z.
Proof. Proposition 3.4 gives a perfect complex P which is a quasi-projective resolution of M . By Lemma
2.5, there exists an spectral sequence ExtpR(Hq(P ), R) ⇒ H
p+q(P ∗). Since Ext>0R (M,R) = 0, we get an
isomorphism (Hq(P ))
∗ ∼= Hq(P ∗) for all q ≥ 0. Since (Hq(P ))
∗ is a direct sum of copies of M∗ and P ∗
is a complex of projective R-modules, it follows that P ∗ is a quasi-projective resolution of M∗. Hence
qpdRM
∗ <∞.
By Proposition 3.3(4) we have qpdR Ω
iM < ∞ for all i ≥ 0. For i < 0, one has ΩiM ∼= (Ω−i(M∗))∗.
Therefore by the last argument and Proposition 3.3(4) we get qpdR Ω
iM <∞. 
Proposition 6.14. Let M,N be R-modules. Assume that M has finite G-dimension, and that either M
or N has finite quasi-projective dimension. Then the following equivalences hold.
(1) Êxt≫0R (M,N) = 0 ⇐⇒ Êxt
≪0
R (M,N) = 0 ⇐⇒ Êxt
i
R(M,N) = 0 for all i ∈ Z.
(2) T̂orR≫0(M,N) = 0 ⇐⇒ T̂or
R
≪0(M,N) = 0 ⇐⇒ T̂or
R
i (M,N) = 0 for all i ∈ Z.
Proof. We only prove that Êxt≪0R (M,N) = 0 implies Êxt
i
R(M,N) = 0 for all i ∈ Z; the other implications
are either obvious or similarly shown. We may assumeM 6= 0 6= N . In view of Remark 6.9 and Proposition
3.3(4), we may also assume that M is totally reflexive. Let t be an integer such that ÊxtiR(M,N) = 0
for all i ≤ t.
First, assume qpdM <∞ and take a quasi-projective resolution ofM of length l. Let t− l ≤ i ≤ t and
fix j ≥ max{l − t + 1, 0}. Then i + j > 0 and 0 = ÊxtiR(M,N)
∼= Êxt
i+j
R (M,Ω
jN) ∼= Ext
i+j
R (M,Ω
jN).
It follows that for l + 1 consecutive i we have ExtiR(M,Ω
jN) = 0. Theorem 6.1(2) implies that for all
k > t− l + j one has 0 = ExtkR(M,Ω
jN) ∼= ÊxtkR(M,Ω
jN) ∼= Êxt
k−j
R (M,N), and thus Êxt
i
R(M,N) = 0
for all i ≥ t− l. Therefore, ÊxtiR(M,N) = 0 for all i ∈ Z.
Next, assume qpdN < ∞ and take a quasi-projective resolution of N of length r. Using the iso-
morphism ÊxtiR(M,N)
∼= Êxt
i+j
R (M,Ω
jN) and Proposition 3.3(4), we may replace N with ΩjN where
j > max{r − t + 1, 0}. Then by Theorem 6.11 we get ExtiR(M,N) = 0 for all i > 0, and therefore
ÊxtiR(M,N) = 0 for all i ∈ Z. 
Now we obtain a result on symmetry in vanishing of Ext modules.
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Theorem 6.15. Let R be a Gorenstein ring. Let M and N be finitely generated R-modules such
that either M or N has finite quasi-projective dimension. Then Ext≫0R (M,N) = 0 if and only if
Ext≫0R (N,M) = 0.
Proof. By symmetry, we may assume qpdRM < ∞. By Propositions 3.3(4) and 3.5(1) we may assume
that R is local and M , N are maximal Cohen–Macaulay. We have Êxt−i−1R (M,N)
∼= T̂orRi (M
∗, N) for
all i ∈ Z by [7, 4.4.7]. Putting this together with Proposition 6.14(1), we get Ext≫0R (M,N) = 0 if and
only if ÊxtiR(M,N) = 0 for all i ∈ Z, if and only if T̂or
R
i (M
∗, N) = 0 for all i ∈ Z. Since qpdRM
∗ <∞
by Lemma 6.13, we have T̂orRi (M
∗, N) = 0 for all i ∈ Z if and only if TorR≫0(M
∗, N) = 0 by Proposition
6.14(2). Finally by [17, Theorem 2.1], TorR≫0(M
∗, N) = 0 if and only if Ext≫0R (N,M) = 0. 
The above theorem yields the following two corollaries.
Corollary 6.16. Let R be a Gorenstein local ring. Let M and N be finitely generated R-modules with
qpdRN <∞. Putting m = dimR− depthM and n = dimR − depthN , one has equivalences
Ext≫0R (M,N) = 0 ⇐⇒ Ext
≫0
R (N,M) = 0 ⇐⇒ Ext
>m
R (M,N) = 0 ⇐⇒ Ext
>n
R (N,M) = 0.
Proof. The first equivalence follows from Theorem 6.15. If Ext≫0(M,N) = 0, then Ext>m(M,N) = 0
by Corollary 6.12(1). If Ext≫0R (N,M) = 0, then Ext
>n(N,M) = 0 by Corollary 6.12(2) and Theorem
4.4. 
Corollary 6.17 (Avramov and Buchweitz [7]). Let R be a complete intersection. Let M and N be finitely
generated R-modules. Then Ext≫0R (M,N) = 0 if and only if Ext
≫0
R (N,M) = 0.
Proof. This is a direct consequence of Corollary 3.8 and Theorem 6.15. 
In fact, Avramov and Buchweitz [7] also prove that, under the same assumption of the above corollary,
TorR≫0(M,N) = 0 if and only if Ext
≫0
R (M,N) = 0. Thus we naturally have the following question.
Question 6.18. Let R be a Gorenstein ring, and let M,N be R-modules. Suppose qpdRM <∞. Is it
true that TorR≫0(M,N) = 0 if and only if Ext
≫0
R (M,N) = 0 ?
Recall that the Auslander–Reiten conjecture asserts that a finitely generated R-moduleM is projective
if Ext>0R (M,M ⊕R) = 0. This conjecture holds for modules of finite quasi-projective dimension.
Theorem 6.19. Let M be a finitely generated R-module.
(1) If n := qplRM <∞ and Ext
i
R(M,M) = 0 for all 2 6 i 6 n+ 1, then pdRM = n.
(2) Assume qplRM <∞, or equivalently, qpdRM <∞. If Ext
i
R(M,M) = 0 for all 1 6 i 6 qplRM +1,
then M is projective. In particular, the Auslander–Reiten conjecture holds for modules of finite
quasi-projective dimension.
Proof. In both of the two assertions, we may assume M 6= 0.
(1) There exists a quasi-projective resolution P = (0 → Pn
∂n−→ · · ·
∂1−→ P0 → 0) of M with Pn 6= 0.
Put Zi = Zi(P ), Bi = Bi(P ) and Hi = Hi(P ). Then Hi = M
⊕ri for some ri > 0. In view of Remark
3.2(3), we may assume H0 6= 0, and hence r0 > 0. We have exact sequences
(6.19.1) 0→ Bi
ai−→ Zi
bi−→ Hi → 0, 0→ Zi
ci−→ Pi → Bi−1 → 0
for each i ∈ Z. The second sequence in (6.19.1) shows that Zi ∼= ΩRBi−1. From the first sequence in
(6.19.1) (with i replaced with i− 1) we get an exact sequence
Extj+1R (Bi−2,M) = Ext
j
R(Zi−1,M)→ Ext
j
R(Bi−1,M)→ Ext
j+1
R (Hi−1,M) = 0
for each 1 6 j 6 n as Extj+1R (M,M) = 0. We thus obtain a sequence of surjections
Ext1R(Bi−1,M)և Ext
2
R(Bi−2,M)և Ext
3
R(Bi−3,M)և · · ·և Ext
i+1
R (B−1,M) = 0
for each 1 6 i 6 n, where the equality holds since B−1 = 0. Hence Ext
1
R(Bi−1,M) = 0 for all 1 6 i 6 n,
and therefore Ext1R(Bi−1,M) = 0 for all i ∈ Z, since Bk = 0 if k 6 −1 or k > n.
Fix any integer i. Using the equality Hi = M
⊕ri , we get Ext1R(Bi−1, Hi) = 0. Applying the functor
HomR(−, Hi) to the second sequence in (6.19.1), we see that the map
HomR(ci, Hi) : HomR(Pi, Hi)→ HomR(Zi, Hi)
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is surjective. This implies that the canonical surjection bi : Zi → Hi factors through the inclusion map
ci : Zi → Pi, that is, there is a homomorphism ρi : Pi → Hi with bi = ρici. As ai is an inclusion map as
well, we observe that ρi(Bi) = ρiciai(Bi) = biai(Bi) = 0, and hence ρi∂i+1 = 0. We obtain a chain map
P
ρ

= (0 // Pn
∂n
//
ρn

Pn−1
∂n−1
//
ρn−1

· · ·
∂3
// P2
∂2
//
ρ2

P1
∂1
//
ρ1

P0 //
ρ0

0)
H(P ) = (0 // Hn
0
// Hn−1
0
// · · ·
0
// H2
0
// H1
0
// H0 // 0)
and it is easy to verify that each induced map Hi(ρ) : Hi(P ) = Hi → Hi = Hi(H(P )) is the identity map.
Therefore ρ is a quasi-isomorphism, which induces an isomorphism
P ∼= H(P ) =
⊕
i∈ZHi[i] =
⊕
i∈ZM
⊕ri [i]
in the derived category of R. The first term is a bounded complex of projective modules, while the last
term contains M as a direct summand. It follows that the module M has finite projective dimension.
This is a consequence of the fact that in the derived category of R the perfect complexes form a thick
subcategory; see [16, Example 3.2(ii)] for instance). We have pdRM = qplRM = qpdRM = n by
Remark 5.2(1a).
(2) Put n = qplRM . By (1) we have pdRM = n. Choose a prime ideal p of R so that pdRp Mp = n.
As Rp is a local ring, Nakayama’s lemma implies Ext
n
Rp(Mp,Mp) 6= 0. In particular, Ext
n
R(M,M) 6= 0.
Since ExtiR(M,M) = 0 for all 1 6 i 6 n+ 1, we must have n = 0, and therefore M is projective. 
Corollary 6.20. Let R be a Cohen–Macaulay local ring admitting a canonical module ωR. Then R is
Gorenstein if and only if qpdR ωR <∞.
Example 6.21. Let (R,m, k) be a local ring with edimR ≥ 2 and m2 = 0. Since every syzygy of a
finitely generated R-module is isomorphic to the direct sum of a free R-module with a k-vector space, it
has finite quasi-projective dimension; see Proposition 3.3(1)(3) and 3.6(1). Therefore qpdR ΩE(k) < ∞
where E(k) is the injective envelope of the residue field k. Since R is not Gorenstein, qpdR E(k) = ∞
by Corollary 6.20. Thus, even if a syzygy has finite quasi-projective dimension, the original module does
not necessarily have finite quasi-projective dimension. This is also shown by Example 4.8; let R be as in
it. Then qpdR R/(x) =∞ but qpdR(x) = qpdR k <∞ by Proposition 3.6(1).
7. Ideals with free Koszul homology
In this section, we are interested in ideals I such that the Koszul complex with respect to a system
of generators of I is a quasi-projective resolution of R/I. We call such an ideal an ideal with free Koszul
homology or briefly an FKH ideal.
Let x = x1, . . . , xn be a sequence of elements in R. We denote with K(x) and Hi(x), the Koszul
complex and the ith Koszul homology of R with respect to x, respectively. In the case where R is local
and x minimally generates an ideal I, one has Hi(x) is uniquely determined by I and does not depend
on the choice of x. In this case we write K(I) = K(x) and Hi(I) = Hi(x).
Example 7.1. Let I be a proper ideal of R.
(1) If I is a maximal ideal of R, then I is an FKH ideal.
(2) If I is a complete intersection ideal (i.e. I is generated by a regular sequence), then I is FKH.
(3) If I is a quasi-complete intersection ideal, then I is FKH; see [10].
The following example and Proposition 7.3 provide other examples of FKH ideals.
Example 7.2. Let R = k[w, x, y, z]/(x2, y2, w2, z2, wz) where k is a field.
(1) The ideal I = (x, y) is a quasi-complete intersection ideal, and hence, it is FKH.
(2) The ideal J = (w, z) is an FKH ideal but not quasi-complete intersection.
Proposition 7.3. Let (R,m, k) be a fiber product over k, and let m = I ⊕ J . Suppose J is a principal
ideal and R/J is a regular ring. Then I is an FKH ideal of R.
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Proof. Consider the exact sequence 0 → R → R/I ⊕ R/J → k → 0. Applying − ⊗R K(I) to the last
exact sequence, we get a long exact sequence of Koszul homologies
· · · → Hi+1(I, k)→ Hi(I)→ Hi(I, R/I)⊕Hi(I, R/J)→ Hi(I, k)→ · · · .
Since R/J is a regular local ring whose maximal ideal is m/J ∼= I, we have Hi(I, R/J) = 0 for all i > 0.
As Hi(I, R/I) ∼= Ki(I)⊗RR/I and Hi(I, k) ∼= Ki(I)⊗Rk, one checks that the map Hi(I, R/J)→ Hi(I, k)
is the natural surjection for all i and hence, the connecting homomorphisms are all zero. Therefore Hi(I)
is isomorphic to a direct sum of copies of m/I ∼= J ∼= R/I. 
Applying Theorem 6.1 to FKH ideals, we obtain the following result which relates quasi-projective
dimension with grade.
Theorem 7.4. Let I = (x1, · · · , xr) be an FKH ideal of R. Let M be an R-module and n > 1 an integer.
Set g = min{grade I, grade(I,M)}.
(1) One has qpdR(R/I) = grade I.
(2) If TorRi (R/I,M) = 0 for all n ≤ i ≤ r − g + n, then Tor
R
i (R/I,M) = 0 for all i ≥ grade I −
grade(I,M).
Proof. (1) Let x = x1, . . . , xe be a sequence in R such that I = (x) and consider the Koszul complex
K(x). By definition we have qpdR(R/I) ≤ e − supK(x) = gradeR(I). Set c = grade I and let a :=
a1, . . . , ac be a regular sequence contained in I. Then we have Tor
R
i (R/I,R/(a)) = 0 for all i≫ 0 while
TorRc (R/I,R/(a))
∼= ((a) :R I) 6= 0. By Corollary 6.3(2) we get qpdR(R/I) ≥ gradeR I.
Now we show (2). The spectral sequence (2.5.1) in Lemma 2.5 turns into
(7.4.1) E2p,q = Tor
R
p (Hq(x),M) =⇒ Hp+q(I,M),
where Hi(x,M) = Hi(K(x)⊗RM). Let r, s, l be same as in Theorem 6.1. Then we have r = e− grade I
and s = e− grade(I,M). Hence l = e− g. Therefore (2) immediately follows by Theorem 6.1. 
Remark 7.5. In Theorem 7.4, if R is local then by using Auslander-Buchsbaum formula we get grade I =
depthR − depthR/I. This provides a generalization of [10, Theorem 4.1] for every FKH ideal.
Corollary 7.6. Let (R,m) be a Cohen–Macaulay local ring, and let I be an FKH ideal of R. Then I is
a Cohen–Macaulay ideal of R.
Proof. By Auslander-Buchsbaum formula and Theorem 7.4(1) we get depthR/I = depthR−qpdR R/I =
dimR− grade(I) ≥ dimR/I. This finishes the proof. 
Lemma 7.7. Let R be a ring and let I be an ideal of R. Suppose I is generated with x1, . . . , xn such
that x = x1, . . . , xc is a regular sequence for some 0 ≤ c ≤ n. Then Hi(x1, . . . , xn) ∼= Hi(xc+1, . . . , xn)
where xi is the image of xi over R/(x).
Proof. It follows from [14, Theorem 1.6.13(b)] by setting M = R. 
Peskine and Szpiro [21] introduced theory of linkage of ideals over commutative Noetherian rings. Two
nonzero ideals I and J are said to be linked if there exists a regular sequence x = x1, . . . , xn ∈ I ∩J such
that (I :R (x)) = J and (J :R (x)) = I. In [21] they proved that if R is Gorenstein local ring and I is a
perfect ideal (i.e pdRR/I = gradeR I) then J also is perfect.
We call an ideal I quasi-perfect if qpdRR/I = gradeR I. The following result partially provides an
analogue of theorem of Peskine and Szpiro for quasi-perfect ideals. In general, we don’t know that over
a Gorenstein local ring R, if I is a quasi-perfect ideal of R then its linked ideal is also quasi-perfect.
Theorem 7.8. Let R be a local ring and let I be an FKH ideal of R with finite G-dimension. If J is an
ideal linked to I, then J is quasi-perfect.
Proof. Let g = gradeR I and let x = x1, . . . , xg ∈ I ∩ J be a regular sequence such that (I :R (x)) = J
and (J :R (x)) = I. First, we show that I/(x) is an FKH ideal of R/(x). By induction, it is enough to
show that if x ∈ I is a regular element, then I/(x) is an FKH ideal of R/(x). Let K(I) = K(I)⊗RR/(x).
If x ∈ I\I2 then Lemma 7.7 implies that I/(x) is an FKH ideal over R/(x). Assume x ∈ I2. The exact
sequence 0→ K(I)
x
−→ K(I)→ K(I)→ 0 of complexes gives a long exact sequence of homologies
· · · → Hi(I)
x
−→ Hi(I)→ Hi(K(I))→ Hi−1(I)
x
−→ Hi−1(I)→ . . . .
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Since xHi(I) = 0 the last long exact sequence breaks into short exact sequences 0→ Hi(I)→ Hi(K(I))→
Hi−1(I) → 0 for all i ≥ 0. Since K(I) is a Koszul complex over R/(x) with respect to a sequence of
minimal generators of I/(x), one has Hi(K(I)) is an R/I-module for all i. Therefore the last short exact
sequences splits, and so Hi(K(I)) is a free R/I-module for all i. Therefore I/(x) is an FKH ideal of
R/(x).
Next, by modding out with (x) we have R/I is a totally reflexive R/(x)-module. Set S = R/(x).
Since R/J ∼= Ω−1(HomS(R/I, S)), it follows from Lemma 6.13 and the Auslander–Buchsbaum formula
4.4 that qpdS R/J = 0. Now, Proposition 3.5(3) says that qpdRR/J ≤ g = gradeR J . This finishes the
proof. 
Definition 7.9. A proper ideal I of R is called quasi-Gorenstein if
ExtiR(R/I,R)
∼=
{
R/I i = grade I,
0 otherwise.
Let R be a local ring. For an R-module M we denote by ν(M) the minimal number of generators of
M .
Proposition 7.10. Let I be an FKH ideal of a local ring R. If Ext≫0R (I, R) = 0, then I is a quasi-
Gorenstein ideal. Moreover, for all i ≥ 0 one has Hi(I) ∼= Hn−g−i(I), where n = ν(I) and g = grade I.
Proof. By Lemma 2.5 we have a spectral sequence
(7.10.1) Ep,q2 = Ext
p
R(Hq(I),M) =⇒ H
p+q(I,M),
where Hi(I,M) = Hi(HomR(K(I),M)). Theorem 7.4(1) shows Ext
i
R(R/I,R) = 0 for all i 6= g, and
the spectral sequence (7.10.1) implies that ExtgR(R/I,R)
∼= Hg(I) ∼= Hn−g(I). Therefore Ext
g
R(R/I,R)
is a free R/I-module. Thus ExtgR(R/I,R)
∼= (R/I)m. We only need to show m = 1. Without loss of
generality, we may assume g = 0; see Lemma 7.7. Let J = (0 :R I). Since Ext
1
R(R/I,R) = 0, we have
HomR(I, R) ∼= R/J . Also, HomR(R/J,R) ∼= I. It follows that HomR(HomR(R/J,R), R) ∼= R/J . Now
the commutative diagram
0 −−−−→ J −−−−→ R −−−−→ R/J −−−−→ 0y ∼=y ∼=y
0 −−−−→ J∗∗ −−−−→ R∗∗ −−−−→ (R/J)∗∗ −−−−→ 0,
implies that J ∼= J∗∗. Since J ∼= HomR(R/I,R) ∼= (R/I)
m, the isomorphism J ∼= J∗∗ says that m = m3
whence m = 1. The last part follows from the spectral sequence (7.10.1). 
The following result provides an affirmative answer to Question 6.18 in a special case.
Corollary 7.11. Let R be a local ring, and let I be a FKH ideal of R. Let M be an R-module and
assume G-dimR I <∞. Then Tor
R
≫0(R/I,M) = 0 if and only if Ext
≫0
R (R/I,M) = 0.
Proof. Assume TorR≫0(R/I,M) = 0. Consider the exact sequence 0 → ΩM → F → M → 0, where F
is a free module. Since G-dim I < ∞, one has Ext≫0R (R/I,M) = 0 if and only if Ext
≫0
R (R/I,ΩM) = 0.
Therefore, taking a higher syzygy, we may assume that TorRi>0(R/I,M) = 0. Also, note that by Lemma
7.7 we may assume grade I = 0. Then by the spectral sequence (7.4.1) we get Hi(I,M) ∼= Hi(I) ⊗R M .
In particular, (0 :M I) = Hn(I,M) ∼= (0 :R I) ⊗R M , where n = ν(I). This shows HomR(R/I,M) ∼=
HomR(R/I,R)⊗R M . Since Hi(I) is a free R/I-module for all i ≥ 0, we get
HomR(Hi(I),M) ∼= HomR(Hi(I), R)⊗R M ∼= Hn−i(I)⊗R M ∼= Hn−i(I,M) ∼= H
i(I,M).
The spectral sequence (7.10.1) gives HomR(Hq(I),M) = E
0,q
2
∼= E0,q∞ . It follows that Ext
>0
R (R/I,M) = 0.
The converse follows by a similar argument. 
Proposition 7.12. Let R be a local ring, and let I be an FKH ideal of R. If TorR≫0(I, I) = 0, then I is
a complete intersection ideal.
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Proof. (1) We have TorR≫0(R/I,R/I) = 0. Therefore Tor
R
i (R/I,R/I) = 0 for all i > grade I =: g by
Theorem 7.4(1). If g = 0, then we have TorR1 (R/I,R/I)
∼= I/I2 = 0. By Nakayama’s lemma one has
I = 0. Suppose g > 0 and let x ∈ I\mI be a non-zerodivisor. The exact sequence 0→ I
x
−→ I → I/xI → 0
shows that TorR≫0(I/xI, I) = 0 and so Tor
R/(x)
≫0 (I/xI, I/xI) = 0. One has I/(x) is a direct summand of
I/xI; see the proof of [14, Theorem 2.2.8]. Therefore Tor
R/(x)
≫0 (I/(x), I/(x)) = 0. Let x1, · · · , xn be a
minimal generator of I, where x1 = x. By Lemma 7.7, we have Hi(I) ∼= Hi(I/(x)) where Hi(I/(x)) is
the ith Koszul homology over R/(x) with respect to the ideal I/(x) = (x2, · · · , xn). Hence Hi(I/(x)) is
free for all i ≥ 0. Now the result follows by induction. 
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